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How do we learn about the structure of various
crystals?
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Laue method: with “white” X-ray and single crystals

Laue diffraction pattern of a
single S10, crystal

Debye method: with monochromatic X-ray and powder samples

Laue Method

‘-'-""‘—'--.____- £

e

Debye diffraction
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X-ray diffractometer (monochromatic X-ray and scan 6)
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» How the XRD peaks appear?
Diffraction of waves by crystals

The Bragg law:
2d sinf =nA

» elastic scattering
» periodic lattice

» does not refer to what kind of lattice

» does not refer to the detail of the basis
 no information of the intensity

» How deep the X-Ray penetrates/diffracts?

Each plane reflects 10-3 to 10-> of the incident radiation.



Path difference for one incident beam

d

sin &
AC =2d cotl

AB =BC =

2d cos’ 0
sin &

AD = ACcosf =

This path difference is:
2d  2d cos” @
sin & sin &

AB+BC—-AD =

=2dsiné

The condition of the constructive interference of the radiation is

AB+ BC — AD =2dsin @ = nA
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50

Neutron energy, 0.01 eV
Electron energy, 100 eV

100

N X-ray photon
X-rays  Neutrons Electrons
\ 'l Charge 0 0 —e
N Mass () 1.67-107 kg 9.11-107 kg
. SLTIN I'ypical energy 10 keV  0.03 eb 100 ke V

0 b

o Typical wavelength 1A 1 A 0.05A

NeutronsT Typical attenuation length 100 gm  Sem | pm

Typical atomic form factor, /1073 A 107*A 10 A

Crystal structures are often studied through the
diffraction of photons, neutrons, and electrons.



» How to-determine the structure from the peaks?

potassium (I) chloride
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» How to estimate the intensity of the peaks?

Incident l-n:
ik-r

Outgoing beam
¢ k-r

€

The transition rate between wave vector k and k' is
proportional to the square of the matrix element:

M.. =<k|U|k'>= j dx exp(—ik - ¥)U(X) exp(ik %)

k.k'

U (x) ~ electron density n(x) for X - ray



» How toestimate the intensity of the peaks?

Scattered waves amplitude

Fourier analysis

Periodic structure of crystal The variance of the

> electrons density function
r=T+r’ n(r + T)=n(r)

In one dimension, consider the wave function n(x) with
period a in the direction x, the Fourier transformation of
n(x) can be written as:

n(x) = an exp(i27px/a) g x
» i

where n,= a’ J:)a dx n(x)exp(—i2npx/ a)



In three dimension, consider n(x+a,, y+a,, zt+a;) = n(x, y, z),
the Fourier transformation of n(x) can be written as:

n(x,y,z) = Zn (v,2)exp(i27mpx/ a,)

= Z n,, (z)exp(i2mpx/a,)exp(i2ap,y/ a,)

P1-P>

> n, exp(i2zp,x/ a,)exp(i27p,y | a,) exp(i2npsz / ay)

P1-P2,P3

2 2 2
> n,, expli(—ilx+ ZE2 y 4+ S 7))

a, a, a,

P1-P2-P3
- ZnG exp(ié -7)
G

- 2 2
Here we define G=(p,—, p, d —ﬂ) 1s the reciprocal

lattice vector. 4 "a " a




» A short'summary

Fourier transformation
n(F)=>Y ngexp(iG-r)
G
The inversion of the Fourier series

n,=V;' Ian(F) exp(—iG - ¥)

cell

reciprocal lattice vector E;:(p1 27[, D, 27[, )2 2—72)

R




Reciprocal lattice (f2l#% 7, 1815 5iFE) vectors

In general case, consider n(r + T) = n(r + u,a; + u,a, + usa;) =n(r).
The Fourier transformation of n(r) 1s

n(r) = ZnG exp(ié 7).

The axis vectors by, b,, by of the reciprocal lattice 1s:

— a, Xda 2T . L
b =2r—————="—d,Xd,;
a,-a,xa, V,

— a, Xd 2T . L
b,=2nr——"—="—4d,xd,;
a,-a,xa, V;

—~ a.xda 2w . .
b,=2r——=—=""4a,xd,.

a,-a,xa, V;

The reciprocal lattice vector

— —

G =v,b, +v,b, +v,b;,,



Reciprocal lattice to sc lattice

The primitive translation vectors of a sc lattice are

a, = ax; a, = ay; a, = az.

The volume of the primitive cell 1s V= a3.

Then the primitive translation vectors of the

5 . | a
reciprocal lattice are 3
- a, x d, a’yxz 2z,
b, =2m—= — =21 = X;
a,-a, xa, a(x-yxz) a
— — 2 A A
— a, xd a“zxXx 2
b,=2p———=20————=—1});
a,-a, xa, a(x-yxz) a
- a, xd, a’xxyp 27
by=2n———"—=2n———"F"—"-=—32. 271t/a
a,-a,xd, a(x-yxz) a

The reciprocal lattice of a sc lattice 1s a sc lattice with lattice
constant 27/a.




Reciprocal lattice to bec lattice

The primitive translation vectors of a bce
lattice are

—

J a, . . 4 a,. A SR
alza(—x+y+z); azzg(x—y+z); a3=5(x+y—z).

The volume of the primitive cell 1s V= a3/2.

Then the primitive translation vectors of the reciprocal lattice are

~ 27, 4 N A mn a2

bl=—7T(a2><a3)=—73[(£)2(x—y+z)><(x+y—z):—ﬁ(y+z);
c 2 a

~ 2r,_. _. 4 A A A N A oA 2T . A

b2=—7Z(a3xal)=—73Z(g>2(x+y—z)><(—x+y+z):—ﬂ(z+x);
Ve a2 a

~ 2. . . 4 A A A N A A 2T . 4

b3z—ﬂ(alxaz)z—f(g)2(—x+y+z)x(x—y+z):—ﬂ(x+y).
VC a 2 a

The reciprocal lattice of a bec lattice 1s a fcc lattice with the lattice
constant 4m/a.

The volume of Brillouin cell is (47/a)3/4 = 2(2n/a)?



Reciprocal lattice to fcc lattice

The primitive translation vectors of a fcc lattice are

- a . . Y a . . - a .
a1=5(y+2); a2=5(2+x); a3=5(x+y)-

The volume of the primitive cell 1s V.= a’/4.

Then the primitive translation vectors of the reciprocal lattice are

-~ 27T, .. 8 A a2 a4
bl=—7T(a2><a3):—73[(3)2(2+x)><(x+y):—ﬂ(—x+y+z);
Ve a 2 a

~ 27 . . A oa A 2T . a4

b2=—ﬂ(a3xa1)=8—73[(£>2(x+y)x(y+z)=—7Z(x—y+z);
Ve a2 a

-~ 27 . A Al 2T A 4

b3=—7T(a1xaz)=8—7§(£)2(y+z)x(z+x)=—7T(x+y—z).
Ve a2 a

The reciprocal lattice of a fcc lattice 1s a bee lattice with the
lattice constant 4m/a.

The volume of Brillouin cell 1s (4n/a)3/2 = 4(2n/a)*



Property of the reciprocal lattice:

) ’ o
l. a-b,=2no, = Gl =
d 710 (i#))

Note: b, 1s unnecessarily parallel to a;.

2. 7-G=2mm,wherer is a lattice vector, G is a reciprocal
lattice vector, and m 1s integer.

3. Areciprocal lattice vector G = hb, + kb, +Ib, is
perpendicular to (%kl) plane in the crystal lattice.

4,  The volume of the primitive cell of the reciprocal lattice
V. =(2n)’ V., where V. is the crystal primitive cell.



Every crystal structure has two lattices:
crystal lattice and reciprocal lattice

Microscope image > Map of the crystal
e.g. STM, AFM, TEM lattice
Diffraction pattern » Map of the reciprocal
¢.g. XRD, neutron scattering lattice

Reciprocal

ey NB:
2D reciprocal lattice




Diffraction conditions and Laue equations

Theorem: the set of reciprocal lattice vectors G determines
the possible x-ray reflections.

For the incident wave k
The difference in path length: rsing

: : 2r . o1
The difference in phase: o rsme= k-r jir

For the outgoing wave k'
The difference in path length: rsing’
2

—
{ e

The difference in phase: —-7smg'=—k"r

—

The total difference in phase: (k—k')-7 =-Ak-7

The scattering amplitude:
F =[av n(#)exp(iAp) = [ dV n(F)exp(—iAk - 7)



Substitute n(¥)=>n;exp(iG-7) in, we have
G

F= ; [ @V ng expli(G - Ak)-7]

—

The diffraction condition is: Ak =G
The amplitude is: £ = Vn,
For the elastic scattering, k| = |Kk'|.
The diffraction condition 1S: 24 -G+G*=0
or 2%k -G =G

Project the diffraction condition to the crystal axes, we obtain
the Laue equations:

a, - Ak =27v;; d, Ak =27v,; i, - Ak = 27v,



It can be proved that the condition for diffraction 1s another
statement of the Bragg law.

2E.é:G2 \\/\
0 G

d iy =27 /‘G‘ .....................

k=2rx/A
27/ A)-2rld ) cos(m/2-0) =2/ d )’
2d 4y -1 0 = 4

(hkl) may contain a common factor n.

‘Zd(h,d) -sin @ =nA




Brillouin zones

A Brillouin zone 1s defined as a Wigner-Seitz primitive cell in
the reciprocal lattice.

B st Brillouin zone
2nd Brillouin zone
3rd Brillouin zone

B 4th Brillouin zone

Q: Why do we define the Brillouin zones?



A wave whose wavevector drawn from the origin terminates
on the Brillouin zone boundary will satisfy the condition for
diffraction.




Fourier analysis of the basis

Structure factor:
Fy = [ @V n(F)exp(=idk -7) = [dV n(F) exp(~iG - F)
=N j dV n(F)exp(—iG-7) = NS,

cell

Defined the structure fa(itor: e onYofieleoton
S, = Jd V n(r)exp(—=iG-r) concentration functions
cell cell
-~ - L2 - nr)=> n.(r—r.
:Zjanj(r—rj)exp(—zG-r) (7) Z]: =)
j

—_

P=T—T,

= > exp(~iG -7,) [ dV n,(p) exp(~iG - p)
J
Defined the atomic form factor:

£, = [dV n,(p)exp(~iG - p)

=> f exp(—ié-f].)



For the atom j
r,=xa,+y,a,+za, 0<x,y,z,<lI

For the reflection labeled by vy, v,, v,

— —

G:Wa+%@+%@
Sy = 2S5 XPI=i(Wby + b, + Vi) - (x,d, + y ,d, + 2 ,3)]
j
= Z][J exp[—lzﬂ'(lej + szj T V3Zj )]
j

If §; = 0, the scattered density will be zero.

N, (cell)xS,(basis)=N,(cell)xS,(basis)



Structure factor of the bcc lattice

Two 1dentical atoms in the cubic cell

h=h=/,
x1=y1=2=0
Xo = Vo) =2y — 1/2

S(v1v2v3) — f{l + eXp[_iﬂ-(vl + V2 + V3 )]}
3 {O whenv, +v, +v, =odd

2f when v, +v, +v, =even




Structure factor of the fcc lattice

Four identical atoms 1n the cubic cell

J1 = o =faamie

(xlo V15 Zl) - (Oa Oa O)
(X, V25 25) = (0, 1/2, 1/2)
(e, V3, 23) = (172, 0, 1/2)
(s Va s z2) = (172, 172, 0)

Seowwy = S+ exp[—=iz (v, +v;)]
+exp[—iz(v, +v;)]+exp[—iz(v, +v,)]}

_ |4/ whenv,v,,v; areallodd or alleven
0o else



The comparison of XRD patterns between KCl and KBr
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Atomic form factor:

/;1s a measure of the scattering power of the jth atom in
the unit cell.

In X-ray diffraction, the value of f; involves the number and
the distribution of atomic electrons, and the wavelength and
the angle of scattering of the radiation.

spherically symmetric

fj = jdV n; (r) exp(—ié r) / approximate
= jrz sina drdpda n (r)exp(—iGr cos @)
— 277: dr rzn]. (r)j d(cosa)exp(—iGrcosa)

, sin(Gr)
Gr

= 472: drn (r)r

If ny(r) =z3(r), or G = 0 f,=4x[drn,(r)r’ =z



Experimental atomic scattering factors

14 T

Hartree-Fock calculation
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Figure 18 Absolute experimental atomic scattering factors for metallic aluminum, after Bat-
terman, Chipman, and DeMarco. Each observed reflection is labeled. No reflections occur for
indices partly even and partly odd, as predicted for an fee crystal.
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For neutron scattering, f; relates not only to the electrons
but also to the core.

H Li C O

Y'Y
Xray
0-00--00

neutro




Quasicrystal --Beyond the periodical crystal

79.2° 58.29° 37.37°

Fig. 2.10.2. Experimental diffraction from icosahedral AIMn; [D.S. Shechtman, L. Blech, D. Grati dJ w )
Lo €3, 1951 (1084, 6 s ratias, and J. W. Cahn, Phys. Rev.

2019-10-14 Al M n6



Quasicrystal --Beyond the periodical crystal

Alg;CuyyFes

Confirmed as a 4.5 billion
years old meteorite

2019-10-14



Q _
HAADF-STEM image of d-Al-Co-Ni ‘#p‘#o TS t’q
DA LAYY

(only Co, Ni can be seen) IR LS e
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Quasicrystal --Beyond the periodical crystal

al L] o'-....'-.‘-...l L]
DI T S P A
- 5
\al+a4
a9
a3

ay

Fig. 2.6.2. The five vectors a, = [cos(2nn/5),sin(2nn/5)] generated by _ il s
applying five-fold symmetry operations to the vector ag. The vector a; +ay is S Rk A R
parallel to and shorter than the vector a,. Tt or

Fig. 2.10.3. Points G in a reciprocal lattice with ten-fold symmetry (the
presence of the negative of vectors converts five-fold to ten-fold symmetry)
enerated by ) A,a, with A, = 0,+1,12 with |G|/|a,| < 4.

2019-10-14



Homework
1. Problem 2.1 of textbook.

2. Problem 2.2 of textbook.
3. Problem 2.4 of textbook.
4. Problem 2.5 of textbook.

5. see next page. **Q1-4 waived**.

Please send your homework 1n a week to
840629016(@qq.com

2019-10-14



PROBLEMS

1. Powder specimens of three different monatomic cubic crystals are analyzed with a Debye-
Scherrer camera. It is known that one sample is face-centered cubic, one is body-centered cubic,

and one has the diamond structure. The approximate positions of the first four diffraction rings
in each case are (see Figure 6.13):

VALUES OF ¢ FOR SAMPLES

A B C
./ | 42.2° 28.8° 42.8°
J 49.2 41.0 732

r; 72.0 50.8 89.0
87.3 59.6 115.0

(a} Identify the crystal structures of 4, B, and C.

(b) 1f the wavelength of the incident X-ray beam is 1.5 A, what is the length of the side of the
conventional cubic cell in each case?

I

(c) If the diamond structure were replaced by a zincblende structure with a cubic unit cell
\ of the same side, at what angles would the first four rings now occur?

Figure 6.13

Schematic view of a Debye-Scherrer camera.

Difiraction peaks are recorded on the film strip. ndident Besm /j ¢
1 5A - &

Solid State Physics, Ashcroft and Mermin
2019-10-14



