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An intrinsic representation of atomic structure: From clusters
to periodic systems
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We have improved our distance matrix and eigen-subspace projection function (EPF) [X.-T. Li et al.,
J. Chem. Phys. 146, 154108 (2017)] to describe the atomic structure for periodic systems. Depicting
the local structure of an atom, the EPF turns out to be invariant with respect to the choices of the unit
cell and coordinate frame, leading to an intrinsic representation of the crystal with a set of EPFs of the
nontrivial atoms. The difference of EPFs reveals the difference of atoms in local structure, while the
accumulated difference between two sets of EPFs can be taken as the distance between configurations.
Exemplified with the cases of carbon allotropes and boron sheets, our EPF approach shows exceptional
rationality and efficiency to distinguish the atomic structures, which is crucial in structure recognition,
comparison, and analysis. Published by AIP Publishing. https://doi.org/10.1063/1.4997292

I. INTRODUCTION

The importance of atomic structure is incontrovertible in
the kaleidoscope of materials, leading to the crucial role of
structure recognition, comparison and analysis, characterized
in the age of Big Data. Actually, fast structure processing is
highly desirable in structure prediction,1–11 high-throughput
calculations,12–15 and material genome initiative16–18 since
there are often a vast number of configurations to be dealt
with. The process will be staggeringly improved had the
identical or similar configurations be categorized for unified
treatment. Structural similarity is determined by the definition
and depends on the structural representation to a great extent.
An ideal representation will be (i) independent of the coor-
dinate frame and atomic ordering, (ii) competent to discrim-
inate configurations completely, (iii) robust enough against
noise, preferably with a reasonable mechanism to quantify the
difference between structures.

The conventional generalized coordinate is not favorable
in structure comparison since it relies on the coordinate frame
and atomic ordering. A cluster, for instance, can have dis-
tinct generalized coordinates in different coordinate frames
and atomic orderings, making it hard to define a reasonable
distance between structures. Obviously, the Frobenius norm
of generalized coordinates is incapable of quantifying the
difference between clusters since it varies with the transla-
tion, rotation, and atomic reordering of the configurations.19

Likewise, a similar problem occurs in periodic structures as
crystals. Typically, a crystal structure can be specified by
its unit cell and the atomic positions within the cell, which
obviously have various representations.20 As a result, it is
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difficult to define an invariant distance between crystal struc-
tures irrespective of their representations. Admittedly, the
unit cell of a crystal can be transformed to a unified form
by some algorithms, such as the Niggli reduction.21,22 The
reduced unit cell, however, may vary significantly with lit-
tle lattice distortions,23 confining its application in structure
comparison.

With respect to the generalized coordinate, the struc-
tural invariants prevail in configuration characterization due
to their uniqueness. Some general structural invariants, such
as the symmetry, principal inertia axis, and atomic coordina-
tion number, provide us with the outline of a structure. These
fragmentary descriptors, however, cannot specify a configura-
tion completely without the description of detailed structures.
It turns out that the so-called fingerprints constructed by a
series of structural invariants would be a better choice to depict
the structures with the consideration of both uniqueness and
completeness.

The powder diffraction patterns can serve as the charac-
ters of crystals with related mechanisms24,25 quantifying their
structural differences. Unfortunately, it has been demonstrated
that similar powder diffraction patterns may belong to quite
different crystals,26 which impairs their ability to discrimi-
nate structures. Besides, there are two types of geometrical
fingerprints popular in the structure prediction community:
the radial distribution function (RDF)27 and the rotationally
invariant combinations of spherical harmonics.28 The RDF
contains the distribution information of the distances between
atom pairs, showing an aspect of the local structure. In partic-
ular, Oganov and Valle10,20,29,30 proposed a normalized finger-
print function based on the distance distributions, along with
the discussions of several types of distances between crys-
tal structures. The fingerprint function has been applied to
the structure prediction software USPEX, which enhances the
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efficiency vastly by structure clustering20,30 and the antiseed
technique.10 As to the combinations of spherical harmon-
ics, they focus on the orientation of the bonds and sensitive
to structural symmetry, which has been utilized to elimi-
nate similar configurations in the structure prediction software
CALYPSO.8,9

Distance matrix,31–33 which is more comprehensive than
the RDF with definite affiliations of the distances, is also
widely used in structure recognition and comparison. The
difference of distance matrices, however, cannot be taken
as the distance between structures since it varies with the
atomic orderings. Typically, the eigenvalue spectrum of the
distance matrix can serve as the fingerprint of a structure
with a metric19,34 to quantify their differences. We have pre-
sented a representation for molecular structures based on
distance matrix recently, which was proved competent and
efficient.35 This representation is more detailed than the pre-
vious ones with not only the information of eigenvalue spec-
trum but also the information of atomic projections on the
eigen-subspaces.

In this paper, we generalize our approach to periodic sys-
tems. In order to describe the crystal structures, we propose
two types of revisionary distance matrices, from which the
eigen-subspace projection functions (EPFs) can be derived.
The EPF depicts the local atomic structure of an atom, while
a set of EPFs of the atoms in a unit cell constitutes an intrin-
sic representation of the crystal. The EPF distances are then
presented accordingly for structure comparison and analysis,
showing excellent performance in application to carbon (C)
allotropes and boron (B) sheets.

II. MODEL AND METHODOLOGY

As is well known, the distance matrix of a cluster speci-
fies the relative position of each atom by its distances to all the
other atoms, containing all the structural information except
the overall chirality.31 Each atom here locates in reference to all
the other atoms. An infinite system as crystal, however, cannot
be represented by the conventional distance matrix straightfor-
ward since there are infinite atoms as references. In essence, it
is unnecessary to contain too many referenced atoms to deter-
mine the position of an atom. Actually, dozens of referenced
atoms are sufficient in general, while the infinite atoms far
away can be discarded.

We present two types of revisionary distance matrices to
represent the atomic structures of crystals, and the first type is
termed to be the decreasing distance matrix. For each atom in
a crystal, dozens of referenced atoms are selected according to
their distances to the atom, i.e., the surrounding atoms within
a specific rcut are contained as references while the others
discarded. The cutoff for the referenced atoms settles the issue
of infinite references but leads to a discontinuity in the distance
matrix. For instance, the referenced atoms can vary with a
minor distortion of the crystal (while there are some atoms
across the cutoff boundary), leading to a significant change
of the distance matrix. In order to diminish the effect of the
discontinuity as much as possible, we replace the interatomic
distance d in the distance matrix with a decreasing function
of d,

f (d)=
(
1 −

d
dcut

)4

, d ≤ dcut,

=0, d > dcut.

(1)

This is an ordinary power function, which decreases to zero
at dcut with the continuity of the first derivative. In this way,
the correlations between atoms decrease with their distances,
while there are no direct correlations between atoms apart by
dcut. As a result, the atoms at the boundary would have little
effect on the central atom when rcut is much larger than dcut.
The decreasing distance matrix of atom i then can be defined
as

Ddec
i =

*..........
,

zi f (dij1 ) · · · f (dijN )

f (dij1 ) zj1 · · · f (dj1jN )

...
...

. . .
...

f (dijN ) f (dj1jN ) · · · zjN

+//////////
-

, (2)

where j1, j2, . . . , jN are the referenced atoms around atom i
within rcut (we take rcut = 2dcut in this paper), zi is the atomic
number (or any other character) of atom i, and dij1 repre-
sent the Cartesian distance between atoms i and j1. Such a
matrix contains the information of the atomic structure around
atom i, while a set of matrices belonging to the atoms in
a unit cell constitute a detailed representation of the crystal
structure.

The decreasing distance matrix contains only the short-
range geometric correlations between atoms, without the long-
range ones. It turns out that atoms apart by dcut have no
direct interactions in the decreasing distance matrix. In order
to describe the crystal structures better, we introduce another
type of matrix, the minimum distance matrix. We define
the minimum distance between atoms i and j in a crystal
to be

dmin
ij = min

n1,n2,n3




ri −
(
rj + n1a1 + n2a2 + n3a3

)


 , (3)

where ri and rj represent the position vectors of atoms i and
j, respectively, a1, a2, and a3 are the translation vectors of
the crystal, while n1, n2, and n3 can be arbitrary integers. dmin

ij
appears to be the minimum distance between atom i and all the
equivalent atoms of atom j under the translational symmetry.
The minimum distance matrix of a crystal then can be defined
as

Dmin =

*..........
,

z1 dmin
12 · · · dmin

1n

dmin
12 z2 · · · dmin

2n

...
...

. . .
...

dmin
1n dmin

2n · · · zn

+//////////
-

, (4)

where 1, 2, . . . , n represent the set of atoms in a unit cell, and z1,
z2, . . . , zn are their atomic numbers (or any other characters),
respectively. This matrix describes the geometric correlations
between the nontrivial atoms under the translational symmetry,
with the information of the lattice.

The decreasing distance matrix and the minimum dis-
tance matrix describe the crystal structures complementarily:
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the former suits to crystals of small cells while the latter fits
those of large cells. Of note, both the decreasing distance
matrix and the minimum distance matrix can be applied to
non-periodic structures like clusters, which can be regarded
as of infinite unit cells. In particular, the minimum distance
matrix of a cluster appears to be the extended distance matrix
we proposed for clusters.35 The decreasing distance matrix
and the minimum distance matrix are both irrelevant to the
unit cells and coordinate frames, beneficial in structure com-
parison. As is mentioned above, however, they still rely on
the atomic ordering, so cannot be compared directly. We have
derived a fingerprint function from the distance matrix for the
recognition and comparison of structures, which has been dis-
cussed in detail previously.35 The approach is briefly described
below.

By the spectral factorization of the distance matrix, we
define the eigen-subspace projection array (EPA) of atom i to
be

si =
(
si,λ1 , si,λ2 , . . . , si,λs

)
, (5)

where λ1, λ2, . . . , λs are all the distinct eigenvalues of the
distance matrix in ascending order, and si,λk is the norm of
orthogonal projection of atom i on the eigen-subspace asso-
ciated with λk . Here the atoms can be viewed as the unit
vectors in the eigen-space, with their segments projected to

the eigen-subspaces since
s∑

k=1
(si,λk )2 = 1. The EPAs turn out to

be geometric invariants of the atoms, specifying their positions
in the eigen-space with respect to the eigen-subspace frame-
work. Moreover, a visual eigen-subspace projection function
(EPF) can be derived from the EPA, describing the relationship
between the proportions of the atomic vector (S ∈ [0, 1]) and
the eigenvalues that the projected eigen-subspaces are asso-
ciated with. Based on the function, an EPF distance between
atoms i and j can be defined as

dEPF
i,j =

∫ 1

0

���Λi − Λj
��� dS, (6)

where Λi and Λj represent the EPFs of atoms i and j, respec-
tively. Accordingly, an EPF distance between configurations
p and q (both with n atoms) can be defined to be

dEPF
p,q =

1
n

min
{i,j }

n∑
i=j=1

dEPF
i,j , (7)

where atoms i and j belong to configurations p and q, respec-
tively, and the summation represents taking the accumulated
difference of all the atoms. Here the atoms of the two con-
figurations should be matched in such a way that makes the
accumulated distance minimal, which can be approached by
the Hungarian algorithm.36

It is guaranteed that the defined EPF distance between
configurations satisfies the triangle inequality of metric space,
as we prove mathematically in the supplementary material,
where we also discuss the homometric structure problem. The
homometric structures, of identical atoms with the same set
of interatomic distances, can be distinguished naturally by our
EPF fingerprints as the distance matrix contains the affiliations
of the distances. Meanwhile, we point out here that although
Eq. (7) only takes account of configurations with the same atom
numbers (in unit cells for crystals), it can be easily applied to

the ones with different atom numbers. For instance, two con-
figurations with n1 and n2 atoms, respectively, can be expanded
to n atoms (n is the least common multiple of n1 and n2) by
simple repetitions, and then their EPF distance can be achieved
from the expanded structures.

In general, we can derive the atomic eigen-coordinates
and EPAs by the spectral decomposition of the distance matrix
following our methodology. The eigen-coordinates depend on
the eigenvector basis and cannot serve as structural finger-
prints, although they contain all the structural information
(except the overall chirality). By contrast, the EPAs only
rely on the relative positions of the atoms and turn out to
be intrinsic quantities. The fingerprint functions (EPFs) then
are proposed to specify the structures. We acknowledge that
we cannot strictly prove our fingerprints characterizing a
crystal structure uniquely so far. Nevertheless, the distance
matrices contain much redundant information to determine
a configuration (the degrees of freedom of distance matri-
ces are much larger than that of a configuration), while the
EPFs inherit a major part of that. In fact, we have never
found two distinct structures with identical EPFs in practice
and believe that structures are uniquely characterized by our
fingerprints.

III. APPLICATION TO CARBON ALLOTROPES

Carbon, one of the most abundant elements on earth and
the central element of life, has a variety of allotropes with
staggeringly different structures and properties. For instance,
Fig. 1(a) displays six common configurations of C: graphene,
graphite, diamond, the zigzag carbon nanotube (CNT), the
armchair CNT, and C60. Here the single-walled (7, 0) zigzag
CNT and (4, 4) armchair CNT are selected, with similar diam-
eters. Seven non-equivalent atoms of all the configurations
are marked in Fig. 1(a). Of note, the graphite has two non-
equivalent atoms under all the symmetry operations, while
each of the other configurations has only one.

We can analyze and discuss the local atomic structures
of these non-equivalent atoms by our EPF approach (equiv-
alent atoms would have identical EPFs, without the need for
reduplicative analysis). We take rcut = 2dcut = 10 Å to con-
struct the decreasing distance matrices Ddec for the atoms and
assign the diagonal elements with zeros since there is only one
type of element (assigning with the characters of C here, such
as the atomic numbers, makes no difference but a shift of all
the EPFs). The derived Λdec functions of the non-equivalent
atoms are shown in Fig. 1(b). These functions describe the
atomic positions in the eigen-space and can serve as the atomic
fingerprints. More details are provided in our earlier related
work.35

Typically, the atoms of graphene, diamond, and C60

possess vastly distinct Λdec functions [see Fig. 1(b1)], in
agreement with their obviously different local structures.
In contrast, the atoms of graphene and graphite (includ-
ing two types of atoms) have very similar functions [see
Fig. 1(b2)], ascribed to their in-plane honeycomb structures.
Of note, the plane-spacing of graphite is 3.35 Å, much
larger than the nearest interatomic distance in-plane (1.42 Å).
As the non-diagonal elements of Ddec assigned with the
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FIG. 1. (a) The atomic structures of six allotropes of C
along with (b) the Λdec functions and (c) the Λmin func-
tions of their non-equivalent atoms. Seven non-equivalent
atoms are marked in (a), while the unit cells of the
allotropes are denoted by the dotted violet wireframes.

decreasing functions of interatomic distances [see Eqs. (1)
and (2)], the in-plane structures would have a greater effect
on the Λdec functions than the out-of-plane ones. In fact,
the identical in-plane honeycomb structures of graphene and
graphite result in the general outlines of their Λdec func-
tions, while the distinct out-of-plane structures lead to the
tiny differences. As a result, the functions of the two atoms
of graphite (with similar out-of-plane structures) are closer
with respect to the one of the atom of graphene (with no out-
of-plane structure), which is definitely characterized by their
EPF distances ddec [see the definition in Eq. (6)]. Likewise,
the structural similarities and differences between graphene
and the CNTs can also be revealed by their Λdec functions, as
shown in Fig. 1(b3). The CNTs can be seen as rolled graphenes,
resulting in their roughly similar functions, while the func-
tions of the CNTs are closer attributed to their cylindrical
structures.

The minimum distance matrices Dmin of the C allotropes
in Fig. 1(a) have also been constructed for structure analysis.
It is worthwhile to point out that Dmin relies on the cell size of
the crystal though irrelevant to the choice of lattice vectors [see
Eqs. (3) and (4)]. Here the cells adopted for the structures are
denoted by dotted violet wireframes, as shown in Fig. 1(a).
The derived Λmin functions of the non-equivalent atoms are
displayed in Fig. 1(c). Similarly, the atoms of graphene, dia-
mond, and C60 possess significantly distinct Λmin functions
due to their extremely different local structures, as seen in
Fig. 1(c1). However, the atom of graphene has quite a differ-
ent Λmin function compared with the two atoms of graphite
[see Fig. 1(c2)], different from the case of Λdec functions.

This is attributed to the different constructions of Dmin. As
seen in Eqs. (3) and (4), the non-diagonal elements of Dmin

are assigned with the minimum interatomic distances under
translational symmetry, leading to a greater contribution of
the distant atoms to theΛmin functions than the near atoms. As
a result, the two atoms of graphite have similarΛmin functions
due to their similar out-of-plane structures, distinct from the
atom of graphene with no out-of-plane structure. Likewise, the
Λmin functions of graphene and the CNTs can be explained in
the same way [see Fig. 1(c3)].

Recently, Xie et al. studied the pathways of graphite-to-
diamond phase transition,37 which contain a gradual variation
of the configurations. We test our EPF representation here
with the gc1 pathway composed of the initial state graphite
(G), two transition states (TS1 and TS2), an intermediate state
(MS), and the final state cubic diamond (CD), as shown in
Fig. 2(a). Four typical atoms are selected to map into the EPF
space, with their Λdec functions varying from G to CD [see
Fig. 2(b)]. We take rcut = 2dcut = 5 Å here to have neat func-
tions for comparison. As seen in the graph, the functions of
C1 change slightly from G to TS2 and have a saltation from
TS2 to CD, in contrast with the other three atoms. In corre-
sponding to the variations of the atoms, we observe that the
functions well reflect the gradual changes of the atomic bond-
ing during the phase transition, with potential applications in
practice.

As is shown above, the Λdec and Λmin functions reflect
different parts of the local structures (Λdec focuses on the
near part, while Λmin focuses on the distant part), resulted
from the different constructions of Ddec and Dmin. In fact,
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FIG. 2. (a) Snapshots along the gc1 pathway of
the graphite-to-diamond phase transition (reproduced
according to data from the work of Xie et al.37) and
(b) the gradual variations of the Λdec functions of four
representative atoms.

one can construct a variety of distance matrices to empha-
size different aspects of the local structures in practice by
regulating the functions in Eqs. (1) and (3). Of note, in the case
of C allotropes above, each configuration has only one or two
non-equivalent atoms, leading to one or two EPFs concisely.
In general cases, however, there may be much more nontrivial
atoms, where a set of EPFs constitute a detailed representa-
tion of the structure. The representation may be complicated,
with an intuitive EPF distance [see Eq. (7)] helpful in prac-
tice, which will be illustrated by the case of B sheets in the
following.

IV. APPLICATION TO BORON SHEETS

Boron, a close neighbor of carbon, possesses a rich chem-
istry due to its complex multicenter bonds.38 It has been
demonstrated theoretically that B has a variety of monolayer
crystalline structures (buckled and unbuckled),39–42 and con-
firmed by experiments later.43,44 We search the B sheets within
1-16 times of the primitive cell completely by introducing
vacancies (separate from each other in consideration of stabil-
ity) in the unbuckled triangular sheet (the identical configura-
tions have been eliminated by our EPF approach). The B sheets
are performed with first-principles calculations, implemented
in the Vienna ab initio simulation package (VASP)45,46 with
the Perdew-Burke-Ernzerhof (PBE) of Generalized Gradient
Approximation (GGA) functional.47

We can analyze the structure-energy correlations between
the B sheets by our EPF approach. The decreasing EPF dis-
tances ddec between the 251 B sheets within 1-16 times of the
primitive cell are obtained and projected on a two-dimensional
(2D) map [see Fig. 3(a)]. The dots on the 2D map represent the
structures, while their colors indicate the energies. It is obvious
that there is an interesting correlation between the structures
and their energies, indicating that the most stable structures

get together while the less stable ones scatter around. Two
extreme configurations, the triangular sheet (unbuckled) with
no vacancy and the hexagonal sheet with the largest concentra-
tion (1/3) of vacancies, locate at the corners of the map, while
the other sheets distribute between them logically. We notice
that the configurations with high stabilities (see the blue dots
on the map) have a wide distribution, revealing the polymor-
phism of B sheets.41 Particularly, four typical B sheets with the
best stabilities [their detailed structures are shown in Fig. 3(c)]
are marked by stars on the map, separate from each other. It
turns out that there are a variety of B sheets with comparable
stabilities.

The B sheets can be classified according to a local struc-
tural parameter, the coordination number (CN) of atoms.
For instance, the α-type B sheets contain atoms with CN
= 5, 6, while the β-type ones with CN = 4, 5, 6.42 As
is mentioned above, the decreasing EPF distances ddec are
sensitive to the neighboring structures due to the decreas-
ing functions assigned in the non-diagonal elements of Ddec.
As a result, there is a relationship between the classifica-
tion and ddec. For instance, among the four configurations
with the best stabilities mentioned above, two α-type ones
are close to each other with respect to the β-type ones, vice
versa.

In addition to the local structural parameter CN, there is
a global parameter η describing the vacancy concentrations of
the B sheets, defined as the ratio of the number of vacancies
to the number of original atomic sites within a unit cell.39,42

There is a plot in Fig. 3(b), showing the decreasing EPF dis-
tances ddec of the B sheets to two extreme configurations, the
triangular sheet (unbuckled) with the minimum η = 0 and the
hexagonal sheet with the maximum η = 1

3 . Note that all the
other configurations situate above the straight line between
the triangular and hexagonal sheets, ascribed to the triangle
inequality of distance. The colors of the dots in the plot stand
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FIG. 3. (a) 2D map of the B sheets. The
dots represent the B sheets within 1-
16 times of the primitive cell, whose
positions on the map are determined

by minimizing
∑

p<q

(
d2D

pq − ddec
pq

)2
. The

energies of these configurations are indi-
cated by their colors. Two extreme con-
figurations, the triangular sheet and the
hexagonal sheet, are marked by triangle
and hexagon, respectively, while four
typical structures with the best stabili-
ties are marked by stars. (b) A plot show-
ing the decreasing EPF distances of the
B sheets to two extreme configurations,
the triangular sheet and the hexagonal
sheet. The colors of the dots stand for the
vacancy concentrations η of the config-
urations. (c) The detailed structures of
six particular configurations in (a).

for η of the structures, varying with ddec from the triangular
sheet side to the hexagonal sheet side gradually. It turns out that
our decreasing EPF distances are closely related to the vacancy
concentrations, revealing the global structural differences
between the B sheets.

V. SUMMARY

An EPF representation is proposed to describe the atomic
structure of clusters and periodic systems based on the revi-
sionary distance matrices. By the construction of the matrices,
the EPF can be regulated to emphasize different parts of the
local structure of an atom and the corresponding lattice infor-
mation, beneficial for structure analysis. An intuitive EPF
distance is presented accordingly, providing a visual landscape
of the correlations between structures.

SUPPLEMENTARY MATERIAL

See supplementary material for the proof of triangle
inequality of the EPF distance between configurations and the
discussion of the homometric structure problem.
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