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Perturbative dynamics in the pseudocoherent phase of the spin-boson model
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We propose a time-dependent perturbation theory to study a newly discovered pseudocoherent phase of the
spin-boson model. Effectiveness of the method is confirmed by comparing its results with that calculated from
the numerically exact quantum dynamics method, which exhibits good agreements. We then describe how an
incoherent nature of the pseudocoherent phase emerges from explicit expressions of the proposed method,
and properties of invariant time of extreme values and scaling of amplitudes resulting from a second-order
approximation. Correction effects of higher-order terms are also discussed. In addition, we utilize trace distance
to investigate non-Markovianity and influences of model parameters. We find propagations in the pseudocoherent
phase are always non-Markovian because of bath-driving oscillations. The non-Markovianity shows different
dependence on cutoff frequency of bosonic baths from coherent and incoherent phases, which can be applied for
qualitative identifications of different dynamic phases in realistic detections.
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I. INTRODUCTION

The spin-boson model has hitherto attracted great attention
during the past several decades, because of its fundamental
physics of describing a spin coupled to a thermal bath consist-
ing of an infinite number of bosonic modes [1]. The model,
known for its localized-delocalized phase transition [2,3],
can be mapped from and to the Kondo model which de-
scribes the scattering of conduction electrons in a metal due
to magnetic impurities [1,4—6]. Furthermore, there is also
another transition, the so-called dynamic phase transition,
in the spin-boson model [1]. This transition can be char-
acterized with a crossover between a coherent phase and
incoherent phase [7-10]. For weak spin-boson couplings, the
propagations of the spin are in the coherent phase, exhib-
ited as underdamped oscillating behaviors with determined
coherence time. While the couplings increase, the oscillation
crosses a critical point and becomes overdamped, leading to
the incoherent decay. The coherent and incoherent features
and their corresponding dynamic phase transition have been
utilized into investigations of quantum computations and sim-
ulations considering a dissipative bath [11-14].

In spite of extensive applications such as in driven quantum
systems [15,16], charge-transfer states [17,18], optical and
electrical responses [19,20], and transfers of heat [21,22],
there remain a number of open questions to be investigated
concerning the spin-boson model. In a very recent work, a
new pseudocoherent phase beyond the conventionally known
coherent and incoherent phases is revealed by Otterpohl et al.,
through demonstrations of several properties like bath-driving
aperiodic oscillations [23]. Thanks to numerically exact quan-
tum dynamics methods, the corresponding phase boundaries
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can be determined even considering complicated spin-boson
couplings. In a later work conducted by the same group, the
pseudocoherent properties under a super-Ohmic spectral den-
sity are also investigated with a pronounced nonmonotonous
behavior observed [24]. In addition, the influences of different
initial preparations of the bosonic bath on the dynamic phase
diagram are also investigated [25]. These insightful works
have provided profound understandings about the pseudoco-
herent phase.

Nevertheless, it requires more effort to comprehend the
physical properties of the pseudocoherent phase, especially
an intuitive perspective to view its underlying properties.
It is noticed that the pseudocoherent phase occurs in the
strong-coupling regime, and it is therefore practical to gain
perspective by treating tunneling of the spin as a perturba-
tion. In this sense, one can combine the quantum dynamics
methods with the time-dependent perturbation theory for the
studies of the model. On the basis of this idea, we investigate
the propagations of the spin by deriving two perturbation
expressions the effectiveness of which is confirmed by the
quantum dynamics method. For the pseudocoherent phase,
although it has been known that the phase is induced by
the bosonic bath, it is still unclear how its properties result
from the bath. We describe how the incoherent nature would
emerge from the explicit expressions, which is observed in
the previous calculations [23], and then reveal the origin of
the bath-dependence properties of the aperiodic oscillations.
Furthermore, we use a description based on trace distance to
discuss topical but controversial non-Markovianity [26-28].
The pseudocoherent phase is often connected to this prop-
erty [23], but further studies are required to find a well-defined
criterion for its existence and quantitatively describe its
degrees.

The rest of the paper is organized as follows. In
Sec. 1I, we describe the spin-boson model and propose the
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time-dependent perturbation theory. To confirm the effective-
ness of the proposed method, we compare its results with
those calculated from a quantum dynamics method, multi-
D, Ansatz, because the Ansatz and its variants have been
proved as reliable tools for a number of physical and chemical
models including the spin-boson model [25,29-35]. After the
confirmations, we then discuss the corresponding physical
properties in Sec. III. Finally, Sec. IV draws a conclusion.

II. METHODS
A. Model
The unbiased spin-boson model is adopted as (& = 1)

A Kg o+
H=-S0+ Xq:wqb;bq +o. Xq: S} +b,). (D)

Herein, A represents spin tunneling strength, and o, and o, are
Pauli operators with o,|+) = £|+£). w, and k, are frequency
and spin-boson coupling strength referring to the gth bosonic
mode, respectively. b, (b;) is a boson annihilation (creation)
operator of the gth bosonic mode. It is known that the model
can be characterized with a spectral density:

J@) =) k80— w)) =200, 0™, (2)
q

where « is the Kondo parameter and w, is the cutoff fre-
quency. Moreover, s specifies the bosonic bath to sub-Ohmic
(s < 1), Ohmic (s = 1), and super-Ohmic (s > 1) baths. In
the present paper, we focus on the sub-Ohmic situation and
propagations of the spin (o;) to discuss the properties of
the pseudocoherent phase. The initial state of the model is
adopted as | (0)) = [+) ® |0) for a factorized condition and
zero temperature of the bath unless specified otherwise, where
|0) is the vacuum state of the bath. Furthermore, J(w) is
discretized by a nonlinear discretization procedure for com-
parisons between two dynamics methods, the time-dependent
perturbation theory and multi-D; Ansatz, with a number of the
bosonic modes adopted as Ny, = 200 [25,36].

B. Time-dependent perturbation theory

Because the pseudocoherent phase appears when the cou-
plings are strong, we assume that the spin tunneling strength is
small comparing with the bosonic-mode frequencies and the
spin-boson couplings. We thus define a system term

K
Hy = Z “)qbgbq +0o; Z Eq(bg +by) 3)
q q

and perturbation term H; = —Ao, /2. Then the Hamiltonian
can be transformed with the time-dependent perturbation the-
ory. Specifically, in an interaction picture

H{(t) = U071H1Uo. 4

Herein, Uj is an evolution operator of Hy as follows:

Up =exp | —i qubzbqt exp

o, §
q 5 Xq:bng(t) —Hec.

®)

with g,(t) = k,/w,(1 — ed'). Tt is not difficult to confirm
that the separate form of Uj satisfies the Schrodinger equa-
tion 10, Uy (t) = HoUp(t) and leads H{(t) to

A
H{(t) = _EGX cosh ijigq(t) —Hec.
q

iA .
+ -0y sinh > bigy(t) —He. |. (6)
q

Then propagations of the wave function and (o) in the inter-
action picture are acquired as

[/ () = Uiy (0))
N t h
= —.n d d ..
g( i) /0 tl/(; 15}

y /0 " H{ O] (1) - B 1)1 (0)) [y—aoc

(7)
and
(02) = (Y (Dlo | (1))
= (W' (OIU, "o Uy (1))
= (Y O)lo. |y @), (8)

respectively. Herein, |y (7)) and |4/(¢)) are states at time ¢ in
Schrodinger and interaction pictures, respectively, and Uy can
be canceled by its inverse which commutes with o.

We notice U; can be truncated to finite terms. For the
second-order approximation, N is chosen as 2 and then

(0.)® ~ 1 - 2Re f d, /0 dt> (Y O)|H, (t)H] (1) [4(0))
0
- /0 dr, /0 dny (Y (O H| (c)H] (1) [(0))
A2 t hn
=1 Dke f dt, / di S(gt1), (12)
0 0
AZ t t
- / dr, f dn S(g(t1), g(1))
0 0
- ARe /0 dt, /0 di> S(g(t1), g(12)). ©)

Herein, S(¢,g) = expl}_, &gy — (I€,1* + 18,°)/2] is an
overlap between two coherent states and the term with the
coefficient A* has been neglected. To obtain Eq. (9), the
following equation is utilized:

A
Hl/(t)|:i:):—Eexp £ blg ) FHe. |IF).  (10)
q

For the coherent-state overlap, an analytic decay function in
a pure-dephasing case with w. — oo has been obtained in
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Ref. [10]. For finite w,, the decay functions read

Fl(t)=/wd I )[l—cos(a)t)]
0 C()

cos [(s — l)arctan(a)ct)]} (11

=2ual'(s — 1 {1 —
: [1+ (@)
and

Ty() = /oo do J(‘z’))
0 w

sin[(s — 1) arctan(w.1)]
[+ (et 2107

sin(wt)

=2al'(s—1)

: (12)
!

) ~ 2) -
(02) (02) + T

where I'(s — 1) is the gamma function, and Eq. (11) has the
same form as that of the super-Ohmic situation [24]. With
I'1(¢) and I'y(¢), we can acquire the coherent-state overlap
which is written as

S(g(t1), g(r2)) = exp{-T1(, —11)
+i[[2(t2 — 1) + o) — Do)} (13)
A similar treatment in Eq. (9) is also employed for the

fourth-order approximation N = 4 to capture more properties
of the pseudocoherent phase. In this context,

dn f dx, / d f dty S @l s (g 1y, g(r1)S(5(11). (12))

A4 t 1 123 3 . N
g Re / dn / dn, / dn / dty X[ =8O8 -85 (o(1)), g(12))S(g(t3), (ta))
0 0 0 0

A4 t t 151 15 . ;
+?Re/ dr f dn / dny / diy eXa =g ll8t) =] g g(1)), g(11))S(g(t2), 8(13))
0 0 0 0

= (02 +

The above time-dependent perturbation theory has a sim-
ilar form to the iteration expression of the noninteracting
blip approximation (NIBA) derived from the path-integral
influence functional method [1,37-39]. However, it should be
noted the NIBA provides a more powerful way to describe
the quantum dynamics of the spin-boson model using the
integrodifferential equation [40]. Nevertheless, it is not the
main purpose of this paper to find a more powerful method
but to describe how the bosonic bath causes the physical prop-
erties of the pseudocoherent phase. These will be conducted
after the confirmations of the reliability of the time-dependent
perturbation theory in the next section.

C. Variational Davydov Ansatz

To confirm the effectiveness of the time-dependent per-
turbation theory, we here introduce the variational Davydov
Ansdtze for comparisons. As mentioned in the Introduction,
the Ansdtze have been demonstrated as reliable approaches
for describing the spin-boson model and its dynamic phase
transition. In the present paper, the multi-D Ansatz is utilized

J

- 2
i q
* K, *
Z WqB g Ping + 1 Z ?q (ﬂjnq + 55”4)
q q

R f n / dn f dn / diy eXa =g 0] [80)=20] g g(1)), g(11))S(g(t2), £(13)). (14)

(

with a superposition of multiple coherent states [29,30]:

lp() =D Aun()exp | Y biBing(t) —He. |In).  (15)
in q

Herein, i is the index of multiplicity M of the coherent
states and n = {£} refers to the eigenstates of o,. In addi-

tion, A;, () and B;,,(t) are variational parameters determined
by the Dirac-Frenkel time-dependent variational principle,

8 for Ldt = 0, with the Lagrangian L defined as

= (¢ (t)|< 8t_§8t_H)|(p(t)>~ (16)

Then we can obtain equations of motion of the variational
parameters:

d oL  dL

— - =0. 17

dt ou*  Ju* an
Given u* = A7, and g7, the equations of motion can be

acquired:

- ﬁjnqﬂllﬂ) - Ain

A
SBjns Bin) + 5 D AinSBjn: Bim) = 0, (18)
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g ; ﬂ,* ﬂinq ﬂl* ,Binq % K
Z —1| AinBinp + AinBinp — AinBinp Z ( nqz + "612 _ ﬂjnqﬁmq + wpAinBinp + nEpAl-n
i q
; Kq (g A
+ AinBinp | D 0B ngBing + 1Y S (Blug + Bing) | {SBins Bin) = 5 D AinBinpS Bjns Bim) = 0. (19)
q q i

Herein, m = {7, ifn = £}. After obtaining the propagations
of the Ansatz, the observable (o) can be calculated as

(02)PA = " nAju(OAWOSBin(0), Bun®)).  (20)
Jii.n

For a factorized initial condition, A; +(0) =1, A; _(0) =0,
and B114(0) = B124(0) = 0 (g refers to all the bosonic modes).
Other parameters are A;,(0) =0 and B;,,(0) =0G > 1,n =
{£}, and g refers to all the bosonic modes). The multiplic-
ity M = 8 is adopted. In addition, initial random noise with
leal < 1075 and |eg| < 1073 is added to the variational pa-
rameters to avoid singularity while solving the equations of
motion [32].

III. RESULTS AND DISCUSSIONS
A. Comparisons with the multi-D, Ansatz

We first exhibit the effectiveness of the time-dependent
perturbation theory for the pseudocoherent phase of the spin-
boson model. Figure 1 compares (0,)® with the counterparts
acquired from the multi-D; Ansatz with different model pa-
rameters, « and s. For s = 0.2, there is a deviation of (UZ)(Z)
for a small Kondo parameter o« = 0.6, as depicted in Fig. 1(a).
While o > 1.2, the time-dependent perturbation theory

%102 g 2102
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°o 3 /- a=06 —a=1219 4 /— .4a=06 —-a=12
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15} fr——— 2 Y .
0
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7
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04f /
S
0
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FIG. 1. Comparisons between (0.)® (warm-color solid lines)
and (0.)P* (cool-color dash-dotted lines), with the parameter (a) s =
0.2, (b) s =0.5, and (c) s = 0.8. Other parameters are chosen as
o =1{0.6,1.2,1.8,2.4}, w./A = 10, and Ny, = 200. Extreme val-
ues of the lines are marked with triangles. (d) Relative errors r, with
respect to o, calculated from the results in panels [(a)—(c)].

(

provides reliable results in good agreement with the multi-D,
Ansatz. The same conclusion is also obtained for the other s
in Figs. 1(b) and 1(c). In addition, it is found that the larger s
leads to less accurate results if « is small, reflected in a relative
error

(GZ)DA - (Gz>(n)

(o) @b

Iy =

1=ty

in Fig. 1(d). Herein, r, is calculated at the final time # which is
shown in Figs. 1(a)-1(c). Therefore, the larger o and smaller
s correspond to the stronger-coupling regime, leading to more
accurate results.

Taking into account a further approximation, it is less
demanding for (0,)® to approach the accurate results, as ex-
hibited in Fig. 2. For s = 0.2 in Fig. 2(a), the time-dependent
perturbation theory is adequate to capture the propagations of
the spin, even considering a small Kondo parameter o = 0.6.
In addition, we find that (0,)® gives rise to a correction of
the extreme value, and shifts it toward an earlier stage. o
for acquiring reliable results is also reduced for the other s
as shown in Figs. 2(c) and 2(d), and the relative error ry4
decreases by around one order of magnitude. Even for o =
0.6 and s = 0.8, it is sufficient to describe the propagation

62107 g 210

(a) (b)
45 /.—V-'(I) ------ 6 /‘/'—"— -------

/ / DA
. / 1-<O'Z> Ay / 1-<oz>

o 3 /- a=06 —a=1219 47 /— .g=06 — -a=12
- / —a=18 —a=24|+— / —.a=18 — -a=24

I /

FIG. 2. Comparisons between (o.)*® (warm-color solid lines)
and (0.)P* (cool-color dash-dotted lines), with the parameter (a) s =
0.2, (b) s =0.5, and (c) s = 0.8. Other parameters are the same
as Fig. 1. Extreme values of the lines are marked with triangles.
(d) Relative errors r, with respect to «, calculated from the results
in panels [(a)—(c)].

012212-4



PERTURBATIVE DYNAMICS IN PSEUDOCOHERENT PHASE ...

PHYSICAL REVIEW A 110, 012212 (2024)

of the spin in the incoherent phase, in good agreement with
the counterpart calculated from the multi-D; Ansatz. How-
ever, a rapid increase of r4 is observed while the system
crosses from the pseudocoherent to incoherent phase, i.e., @
decreases from 0.8 to 0.6 for s = 0.8, indicating an inher-
ent difficulty by means of the time-dependent perturbation
theory.

B. Pseudocoherent properties

We now focus on the unique properties of the pseudoco-
herent phase, including an incoherent nature, invariant time
of extreme values for large w, and its shift for small w. in
the aperiodic oscillations, and scaling behaviors of oscillation
amplitudes. These properties have been detected in computa-
tional results and attributed to the bosonic bath [23], and there
remains a question of how they emerge from the complicated
spin-boson couplings. We will show the pseudocoherent phase
is the natural emergence of the second-order approximation
of the time-dependent perturbation theory, the explicit expres-
sions of which reveal the above properties.

The coherent phase is normally attributed to the drive of
the tunneling term and leads the spin to a sinusoidal oscil-
lating behavior, (o;) ~ cos A’t, where A’ is a renormalized
parameter containing A. Despite observed oscillating behav-
iors, it is demonstrated that the pseudocoherent phase has
an incoherent feature [23]. As exhibited in both Egs. (9)
and (14), the tunneling-induced oscillations are absent for
the strong spin-boson couplings. Actually, the expressions
explicitly reveal the incoherent nature of the pseudocoherent
phase because the factors referring to A are time independent.
The propagations of (o) are instead contributed by a double
integral of a coherent-state overlap S(g, g) in Eq. (9) as well
as a quadruple integral in Eq. (14), indicating the pure driving
from the bosonic bath. If we exhibit (0,)® and (0,)* with
respect to w, in Fig. 3(a), it would be found that the double
and quadruple integrals reproduce the aperiodic oscillating
behaviors of the propagations of the spin, depending on the
frequency scale of the bosonic bath.

With increasing ., the aperiodic oscillation of (o,)?®
shows an invariant time scale as the extreme value always
obeys w.t;x ~ const, as illustrated in Figs. 3(a) and 3(c). In
addition, we also find that for the small w, the second-order
approximation is not adequate to describe the propagations
and hence requires the fourth-order correction, i.e., Eq. (14).
Although the fourth-order term also has the invariant time of
the extreme value as plotted in Fig. 3(b), once the correction is
added to (0.)®, w,t, is no longer a constant but shifts toward
an earlier stage. It should be mentioned that the time shifts to
the earlier rather than later stage because the fourth-order term
significantly increases the derivative of (c.)® while w.t < 5,
resulting in a new extreme value at the earlier stage at which
d{o)P/dt <0, d({o.)® — (0,)P)/dt > 0, and their sum
equals to zero. Moreover, the increasing . also reduces the
amplitudes of (0.)® and (0.)®. To understand the behaviors
of both w.t; and the amplitude, it is helpful to perform the
following variable substitutions for (o )®:

@¢ (O]
w=—&, and t = —"1,
@ (0%

(22)

0 0
10 — 1—<UZ>(2> - 1—<UZ>( 10
107 YT s 528 nE 102 Tw =254
N tw =54
1072 \9 1074 Ye |
o / tw =104
¥ 408 tw, =204 3/\ 108 tw, =204
fw =408 n fw, =40
10 tw =80a] V 108 tw =804
ool @ (b)
0 2 4
wt
0.1
(c)
s v S
c o
S >
T -0.1 410 5@ g
-5 y<o SWeg 5@ | £
3 o2 0, o, Ll>j
—o—1.<g_>®
[ z
-0.3 0"
25 5 10 20 40 80 25 5 10 20 40 80
wc/A wC/A

FIG. 3. (a) (0,)® (warm-color solid lines) and (0.)® (cool-
color dash-dotted lines) and (b) fourth-order correction term with
respect to w.t. (c) Time and (d) amplitudes of extreme values
of (0.)® (dashed lines with triangles), (0.)® (solid lines with
dots), and the fourth-order terms (dash-dotted lines with triangles).
Model parameters are chosen as o =2.4, s =0.2, and w./A =
{2.5,5, 10, 20, 40, 80}. In panel (c), each line has been shifted by
a constant, to make w.tx = 0 for w./A = 80. In panel (d), the lines
referring to (0,)® and (o,)® overlap each other.

where o is a constant. Then the double integral can be trans-
formed to

/ d, / dt> S(g(t), g(62))
0 0

2 t t
) ’ b wo , wo ,
= [ [ ans(e(520)o(52)) e

with the changed exponent of the coherent-state overlap ex-
emplified as

Iy — 11) = 2aT(s — 1){1 _cos [(s — 1) arctan(wof’)] }

[1+ (wof 1772
(24)

Herein, 7’ =t} —t{. In this sense, different spectral density
J(w) can be renormalized with an invariant effective cutoff
frequency wy, leading (0.)® to have (1) the invariant time of
the extreme value ¢, ~ w.fx ~ const and (2) the scalable am-
plitude with 1 — (0,)® ~ w2. Similarly, the amplitude of the
fourth-order correction term scales with ~wc_4. In Figs. 3(c)
and 3(d), we depict w.t;y and the amplitude of the extreme
values with respect to w,, finding good agreements with the
above discussions.

The above discussions reveal that w,. can determine the
scaling of the truncated terms and accordingly the effective-
ness of the time-dependent perturbation theory. For the small
w,, it is not sufficient to describe the propagations (o) only
with the truncated terms because those higher-order terms
have significant contributions. For the large w,, on the other
hand, the higher-order terms exhibit a rapid decrease toward
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zero. The propagations of the spin thus can be described
with (0.)® and exhibit themselves as the pseudocoherent
oscillations. However, it should be mentioned that the scaling
depending on w, is not always established for the small «. It is
found for s 2 0.45 that the coherent phase remains unchanged
for an infinite w,, while for s < 0.45 the phase might become
the pseudocoherent or incoherent phase. Detailed discussions
can be also found in Refs. [3,23,41].

C. Non-Markovianity

To study the non-Markovianity of the pseudocoherent
phase, we here utilize a quantitative measurement based on
trace distance. Different from previous studies which focus
on the (super-)Ohmic spectral density [42-47], we are inter-
ested in the sub-Ohmic case in the present paper. The trace
distance between two states of the spin-boson model is defined
as [48,49]

D(t) = LTrlpi(t) — pa(1)], (25)

where the modulus of an operator A reads |A| = v/ATA, and
01(0) and p,(0) can be chosen as all possible pairs of ini-
tial states. It has been demonstrated that the decrease and
increase of D(¢) can describe an information loss and back-
flow between the spin and bath, and for the latter case the
propagations of the spin are defined to be non-Markovian
due to memory effects [47,48]. Then the degree of the non-
Markovianity can be acquired as

N = max f
£10),2200) Jp(1)>0

which should be maximized over pairs of the initial
states [50]. In addition, D(t) = dD(¢)/dt and the integral
refers to the information backflow from the bosonic bath to the
spin. It has been demonstrated that the optimal pairs leading to
the maximum N must lie on the boundary of space of physical
states and must be orthogonal [51]. This means, for a spin, the
optimized pairs should be on the surface of the Bloch sphere:

dt D), (26)

[¥1(0)) = (COS §|+) + ¢ sin gl—)) ®10) (@27
and
.0 . 0
[¥2(0)) = (Sm 5|+> — e cos 5|—)> ® |0}, (28)

where 0 < 0 < wand0 < ¢ < 2. Therefore, calculations of
the trace distance can be expressed as [47]

1
DO, ¢.1) =3 (o1} — (o1)2)* (29)
{ }

i={x,y,z

In the Appendix, we derive the specific expressions of the
trace distance. For a special situation |{;(0)) = |[+) ® |0) and
[12(0)) = |—) ® |0), it can be written as

D00, 1) = «>ﬁ+<13<02 (30)
=yl Aot )

-1 -3
10><1O 4 x10
\\ (a) (b)
9.9r ¥ —o-w_/A=10
S gg ——a=24 —= - w /A =20
o . —a=138 B -
acto 4w /A=40
9.7 a=0.6
\I\.\. p
9.6 ottt 384y
0 0.5 1 1.5 0.6 1.2 1.8 2.4
At 4 a
1 8 x10
—s=02 (¢) (d)4
— -s=04 64
----- s=0.6 0.8 —o-w /A=10
s=08 z4 —m-w /A=20
___06 4*WC/A=40 e
e 2|}~44"""/
\ — . ) ,~f'*"0
9.91 04 0 m k. i
0 0.3 0.6 0.9 0.2 0.4 0.6 0.8
At S

FIG. 4. (a) Trace distance D(t) and (b) degree of the non-
Markovianity N with different o and s = 0.2. (c) D(¢) and (d) N
with different s and o = 2.4. The cutoff frequencies are adopted as
w./A =10 (a), (c) and {10, 20, 40} (b), (d).

(0,) is calculated given | (0)) = |+) ® |0) and its derivative
refers to (oy). It is not difficult to know

. 9 1 9?2
D(0,0,1) = 5(%)((0}) + Fﬁk&))D‘l(O, 0,1). (31)

Therefore, D(0, 0, 7) must possess the same extreme values
as (o). For the pseudocoherent phase, (o,) propagates with
an aperiodic oscillation, leading D(0, 0, t) to the increase and
thus information backflow. Because N is greater than or equal
to the integral of the information backflow of D(0, 0, ), N is
always nonzero and the propagations of the spin in the pseu-
docoherent phase always possess the non-Markovian feature.

In Fig. 4, we show A and corresponding D(t) acquired
from the second-order approximation which allows us to per-
form the integrals within a time interval from w.t =0 to
50. We first focus on D(r) with different « in Fig. 4(a).
It is found that D(¢) always decreases from D(0) = 1 cor-
responding to the initial trace distance between two initial
states, and then exhibits two slow information backflows.
Because of the localized feature, D(t) gradually saturates and
approaches a finite value instead of zero. If increasing «, the
information backflow of D(¢) would be reduced, exhibited
as the amplitudes of the aperiodic oscillations are reduced.
This phenomenon is also reflected in the degree of the non-
Markovianity in Fig. 4(b), as A/ exhibits a rapid decrease with
increasing «. In addition, we find that A/ would be reduced
while increasing ., which is relevant to the frequency scaling
of the bosonic bath as discussed in previous subsection. The
dependence is very different from that of the coherent and
incoherent phases, because A is enhanced while increasing
w, for the former case and rigorous zero for the latter [47].
Therefore, the degree of the non-Markovianity is an applica-
ble measurement as a qualitative identification of the different
dynamic phases in realistic detections.
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If changing s with fixed «, the non-Markovianity shows
nonmonotonous behaviors. In Fig. 4(c), it is also found that
the trace distance D(t) corresponding to N is reduced with
small and increasing s. However, D(¢) exhibits dramatic
changes while s = 0.8, because the optimal pair of the initial
states changes. In Fig. 4(d), it can be seen that the change
of NV is nonmonotonous. This phenomenon might be due to
the complicated interplays between the aperiodic oscillations
and exponential decays, as the former factor promotes the
bath-driving information backflow and the latter one reduces
it. Similarly, the increasing w, reduces A due to the scaling
of the bosonic bath.

IV. CONCLUSIONS

In this paper, we have utilized the time-dependent per-
turbation theory to study the pseudocoherent properties of
the spin-boson model. By regarding the tunneling of the
spin as a perturbation, a method is derived to acquire the
propagations of the spin and intuitive perspectives. We first
compare its results with the counterparts calculated from
the multi-D; Ansatz, confirming the reliability of the time-
dependent perturbation theory. It is also found that larger o
and smaller s refer to stronger spin-boson couplings, lead-
ing to more reliable results of the perturbative dynamics.
After the confirmations, we describe how the pseudocoher-
ent properties emerge from the second-order approximation
given by the time-dependent perturbation theory, including the
incoherent nature, invariant time of the extreme values, and
scaling of the amplitudes. The correction effects of the fourth-
order term are also discussed. The pseudocoherent phase
also induces distinctive behaviors of the non-Markovianity
which have not been studied based on the trace distance
in the previous works. It is found that the propagations of
the spin are always non-Markovian because of the aperiodic

J

oscillations. The influences of the model parameters are also
discussed, as the information backflow would be reduced
with the increasing Kondo parameter. Changing s leads to
the nonmonotonous results of both the trace distance and de-
gree of the non-Markovianity. Moreover, the increasing cutoff
frequency would reduce the degree of the non-Markovianity,
which is different from the results of the coherent and incoher-
ent phases and can be applied as a qualitative identification for
the dynamic phases.

Our efforts may be extended for further studies of the pseu-
docoherent phase. For example, a resemblance has been found
between two phase boundaries of the coherent and pseudoco-
herent phases, as well as under- and overdamping properties in
a pure-dephasing model considering the super-Ohmic spectral
density [24]. We notice that the second-order approximation
given by the time-dependent perturbation theory has a similar
form to the decay function in a pure-dephasing model, which
might be relevant to the aforementioned resemblance of the
phase boundaries. However, the topic is beyond our present
scope in this paper, and it also requires hard treatments due to
the inherent difficulty of describing the small Kondo param-
eter. Nevertheless, we believe our efforts can provide useful
help for future studies.
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APPENDIX: DERIVATIONS OF THE TRACE DISTANCE

For an arbitrary pair of the pure and orthogonal initial states
[¥1(0)) and [»(0)), the expectation of the Pauli operator o,
for the first state can be acquired as

. . 0 . . 9 . .
(02)1 = (Y1(0)|e™ 5. ™ |11(0)) = cos® >+ 0le™ o,e~ |+, 0) + sin’ 7= 0le™ o.e~""|—, 0)

, 0 .0 ‘ ‘ . 6 . 0 ‘ ‘
+ €' cos 2 sin 5(+, 0l o,e | —, 0) 4+ ¢ cos 2 sin 3 (=, 0le" e |4, 0)

X

0 ) ) 0 . )
= cos’ EH_’ 0l o,e ™|+, 0) + sin? 5(—, Olo2e 020, 02e M 62|, 0)

e'? sin 6
2
With H = o,Ho,, the expression can be further simplified to be

<Uz)l

e ?sinf - -
_ T(_’_’ 0|elHl‘O_ze—lHI‘|_’ 0>

0 A A 6 A :
= cos’ §<+’ 0l o,e~ M|+, 0) — sin’ §(+’ 0le™ o,e ™|+, 0) +

e ¥ sing . .
_ T<+’ O|€IHZO'Z€_1HZ|—, O>

<+’ Oletho,Zefthl_’ 0) +

6 . ) 2] = -
cos? §<+’ 0l o, |+, 0) — sin’ §(+’ 0le™ o,e M|+, 0) +

e sind

5 (—,0lc2e™ 620,02 g2+, 0). (Al)

€% sin 0

<+’ 0|€thO'z€7th |_’ 0)

e sin6

5 (+,0|€iHZO'Z€_iHZ|—,O>

= cosO(+, 0l o.e M|+, 0) + isin ¢ sin @ (+, 0l o,e | —, 0)

= cosO(+, 0l o.e ™|+, 0) — sin ¢ sin 6 (+, 0] e~ |+, 0).

(A2)
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The above simplifications are established because H gives rise to the same reduced dynamics of the spin as that induced by
H [47]. In addition, the expectation of o, considering the first initial state is

(0y)1 = cos O(+, 0l a,e "M |+, 0) + sin ¢ sin 6 (+, 0™ o.e = |+, 0).

For those terms referring to oy, they can be obtained as

<+, O|ethUye_th|+,

and because

(_|_’ 0|€thO—z€7iH,|+, O>

we have

<_’_’ OlethO,yefth|+’

(A3)
i ‘ :
0) = 5(+, 0le™ [0y, o.1e™ |+, 0)
1 . .
= -3+ 0l [iH, o-]e~™"|+, 0)
1 0 iHt —iHt
= _Z5<+1 0|€ oze |+9 0>’ (A4)
= =5+ 01" [0, 0,1 +,0)
1 . L
= Z<+’ 0le™" (iHoy — oyiH)e ™" |+, 0)
19 iHt —iAt
= ZEH’ 0le™ aye™ ™|+, 0) (A5)
t . 1
0) = A/ dt(+, 0l o.e7 7|4, 0). (A6)
0

Thus we have obtained two expectations of the Pauli operators considering the first initial state. For the second initial state, it
can be easily acquired that (0,), = —(0;)1 and (0,)> = —(0,)1.

Furthermore, (o,); 2 can be calculated as

(0)12 = (+, 0le™ e ™|+, 0) — (=1)"* cos ¢ sin O (+, 0l o e |—, 0)

(+, 0l o e 1)+, 0y — (—1)"2 cos ¢ sin 6 (+, 0] e~ 1|+, 0).

(AT)

Finally, we obtain the specific expression of the trace distance for the spin-boson model:

t B 2
D@, ¢, 1) = [(cos@(—i—,O|eiH'crze_iH’|+, 0) — sin¢sin9A/ dt(+,0|eM oe 7 HT |+, 0))
0

cosf o

A ot

i

172
+ (cos ¢ sin O (+, Ol e=iH! | 0>)2} .

2
(+, 0l o e |4, 0) — sin ¢ sin O (+, 0] oe 711 |+, 0>>

(A8)

This expression allows us to calculate all the terms only with the second-order time-dependent perturbation theory and fixed

initial state | (0)) = |+, 0).
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