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ABSTRACT

As one of the most successful platforms of quantum control, trapped ions can be modulated by sequential microwave pulses to realize
high-fidelity quantum logic gates, and dephasing noise may lead to invalidation of phase locking. In this work, we utilize the Dirac–Frenkel
time-dependent variational approach with Davydov ansatz to simulate spin echo dynamics in the framework of spin-boson model. As the
essential modulation parameters, pulse duration and waiting time have been comprehensively investigated to optimize the phase gates by
two microwave pulses. We find that, as spin orientation undergoes periodic changes, the phase difference by acting one and two pulses
exhibits spontaneous locking following time evolution, which indicates the robustness of the quantum phase gates. Spectrum of the environ-
mental noise that is appropriate for the phase locking is also determined.

Published under an exclusive license by AIP Publishing. https://doi.org/10.1063/5.0195187

I. INTRODUCTION

Quantum simulation, as a computational paradigm, can
extend the scope of classical computation in several research areas,
including quantum chemistry,1–3 materials science,4 and even
machine learning.5,6 Different from classical computers, quantum
computers are based on the phase coherence in quantum mechan-
ics to improve problem solving ability.7 A typical example is Shor’s
algorithm for factorization of integers based on the quantum
Fourier transformation in which the phase coherence must be held
long-term.8 Recent works have also developed quantum algorithms
for building blocks and implementing quantum speedups in
machine learning programs,9,10 such as the quantum basic linear
algebra subroutines.11–14 However, it still poses considerable chal-
lenges in terms of hardware and software, especially the reservation
of fidelity against thermal environment.

In recent years, numerous architectural systems for constructing
quantum computing platform have made great progress, including
ion traps,15,16 Rydberg atoms,17,18 color centers,19,20 quantum
dots,21,22 superconducting qubits,23,24 and so on. Trapped ion
quantum computing system is now capable of using .10 controlla-
ble connected qubits with high fidelity,25–27 even up to 50–100 ions

in some specific quantum analog systems.28 Normally speaking,
following quantum information processing, the dephasing of the
associated qubits will be caused by the quasi-static inhomogeneity
in the hopping frequency. Hahn echo sequences can coherently
reverse this qubit evolution to counteract the effects of inhomoge-
neity and dephasing,29 and most quantum phase gates are
designed on this basis. For color centers in natural abundance 13C
diamonds, e.g., the control of qubit phase can be achieved
through microwave pulses, resulting in single-qubit phase gate
times of �50 ns and two-qubit gate times of �1 μs.30,31 At low
temperatures, the same sequence can be employed for optical
state control as well.32 Recent work has successfully identified pre-
viously unrecognized narrow-band spectral noise features in the
kinematic frequencies by tuning individual 171Ybþ ions captured
in an ion trap with different optical wave sequences.33 So far, the
microwave modulation for phase gate has been used in systems
such as ion traps, color centers, and molecular magnets, whose
fidelity under the influence of a thermal environment has to be
carefully investigated.

To comprehend the interplays between the microwave modu-
lation and noise, we here conduct theoretical investigations in the
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framework of the spin-boson model (SBM), because it has been
demonstrated the classical noise can be described with a pure-
dephasing boson bath.34 The SBM is a benchmarking model to
describe the influence of dephasing environments on a qubit,
which depicts a two-level system coupled to a bath consisting of an
infinite number of harmonic oscillators.35–38 The relevant coupling
strength is normally described by the spectral function J(ω), which
has got a relationship with the spectral exponent s given by
J(ω) � ωs. The dephasing bath can thus be classified as Ohmic
(s ¼ 1), sub-Ohmic (s , 1), and super-Ohmic (s . 1). For the
Ohmic case, it is well-known that a transition occurs from a coher-
ent phase to an incoherent phase, as well as a quantum phase tran-
sition from a delocalized phase to a localized phase. In addition,
there are further developments based on the SBM such as the mul-
tistate harmonic model.39 However, simulating the nonadiabatic
quantum dynamics of the sub-Ohmic SBM accurately is always
challenging due to the strong non-Markovian effects caused by the
low-frequency bath modes. In the present paper, we introduce the
variational Davydov ansatz for the simulations, which has been
proved as a useful approach for the SBM and its quantum phase
transition.40–44

Furthermore, we take strong-coupling microwave pulses
into account in our investigations. The strong-coupling external
fields have gradually attracted attention in recent studies, exhibit-
ing their unique applicability from the weak-coupling counter-
parts, such as far-off resonance excitations and informative
non-linear optical responses beyond the limitations of pulse
durations and transition dipole moments.45,46 It is demonstrated
that the far-off resonance excitations in the strong pulse fields
can be described with the Floquet–Landau–Zener (FLZ) theory,
by developing the idea that the time evolution driven by the
strong pulse fields can be regarded as adiabatic evolutions along
with the instantaneous Floquet states and Landau–Zener-type
diabatic transitions between them.47 Motivated by the aforemen-
tioned works, it is interesting to introduce the strong external
driving system into the spin-boson model to study the influence
of strong pulses.

The paper is organized as follows. In Sec. II, we introduce the
SBM with two microwave pulses and the Davydov D1 Ansatz. Then
we present numerical results and discuss the phase modulation by
two microwave pulses under various conditions in Sec. III. Finally,
conclusions are drawn.

II. METHODOLOGY

A. Model hamiltonian

In order to simulate the phase manipulation of quantum
states in quantum logic gates, we introduce the idea of spin echo
into the SBM by considering two sequential microwave pulses, as
sketched in Fig. 1(a). The black arrow represents the qubit, and the
wavy lines and balls describe the boson bath. We set coupling to
the boson bath oriented in the z direction while rectangular micro-
wave pulse in the x direction. The Hamiltonian of the total system
is written as follows (�h ¼ 1):

Ĥ ¼ Ĥ0 þ Ĥc(t), (1)

where

Ĥ0 ¼ �Δ

2
σ̂z þ ωl â

y
l âl þ

X
k

ωkâ
y
kâk þ

1
2
σ̂z

X
k

λk
�
âk þ âyk

�
(2)

and

Ĥc(t) ¼ Ω(t)σ̂x
�
e�if(t)âyl þ eif(t)âl

�
pulse on,

0 pulse off :

�
(3)

Here, Ĥc(t) represents the coupling of the rectangular microwave
pulse to the system, with Rabi frequency Ω=ωc ¼ 1 and phase dif-
ference f(t) ¼ 0 (for the first pulse) or f(t) ¼ π (for the second
pulse). σ̂z and σ̂x are Pauli matrices referring to the spin. Energy

splitting of the spin is adopted as Δ=ωc ¼ 0:1. âyl (âl) and âyk (âk)
are creation (annihilation) operator of the microwave pulse and kth
bosonic mode with frequency ωl=ωc ¼ 0:1 and ωk, respectively. λk
is the coupling strength between the qubit and the kth bath mode,
which is determined by a spectral density,

J(ω) ¼
X
k

jλkj2δ(ω� ωk) ¼ 2αω1�s
c ωse�ω=ωc , (4)

FIG. 1. (a) Schematic of the model. The wavy lines and balls represent the
boson bath in the z direction, while the green polyline represents microwave
pulses in the x direction. (b) Schematic of two microwave pulses modulation.
The first pulse flips the spin from the +z direction to the x–y plane. After the
waiting time tw , the duration between two pulses, the second pulse results in
periodic oscillations of the spin orientation. In one period, we choose six special
points I–VI as off points to switch off the second pulse.
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with a spectral exponent s, cutoff frequency ωc, and dimensionless
constant α measuring the strength of the coupling. For practical
simulations with the Davydov ansatz, J(ω) has to be discretized.
We adopted the linear discretization method, and the coupling
strength λk is written as

PN
k¼1 λ

2
k ¼

Ð1
0 d(ω)J(ω) � PN

k¼1 J(ωk)Δω.
In practice of spin echo technique, the phase of spin is modu-

lated by adjusting the waiting time and duration of the second
microwave pulse. Hence, the quantum dynamics evolution during
and after pulse actions is also highly significant and worthy of
attention. The schematic of pulse modulation and the population
evolution Pz(t) of the qubit are clearly showed in Fig. 1(b).
Throughout the process, we choose two microwave pulses sequence
that the first is first-pulse and the second is second-pulse with a
waiting time tw between them. We set the initial quantum state
jΨ(0)i ¼ jþi, and the first-pulse flips the spin from the þz direc-
tion to the x–y plane. Then the qubit stays in the plane during
waiting as Ĥ does not contain any flipping operator. The subse-
quent application of the second pulse refers to the reverse of time
evolution by reversing the sign of the Hamiltonian, and thus a peri-
odic oscillation and decay of the population Pz(t) is observed,
reflecting the echo dynamics of +z directions. We are more con-
cerning with the influence of different durations τ of the second-
pulse on the phase evolution in both single-pulse and double-pulse
scenarios. Therefore, within one period of the spin precession
during the application of the second-pulse, we select six representa-
tive time points as the “off points” to switch off the second pulse,
as indicated by I–VI in Fig. 1(b). Our rules of selections are
described as follows. At first, we set a point as the “open point” to
switch on the second pulse, and then choose two time points, at
which the spin direction is first and second flipped to the x–y
plane by the second pulse, as points III and VI. Then, we choose
two points as points I and II, referring to 1/2 and 3/4 of the time
interval between the open point and point III. Similarly, points IV
and V correspond to 1/4 and 3/4 of the time interval between
points III and VI. These off points serve as essential parameters for
the phase modulation in both theories and experiments.

After acquiring the propagations of the model, we focus on the
performance of phase locking and in-phase as well as out-of-phase
synchronizations. The phase locking has become an important
experimental technique of manipulations and detections of the
quantum states in quantum optics and information,48 such as multi-
partite entanglement,49–51 cluster states,52,53 etc. In the present inves-
tigations, phases of two evolution results should be equal within
tolerance for the in-phase synchronization, while separated by 180�

for the out-of-phase synchronization.54 We adopt a measurement
jΔtj ¼ jtone � ttwoj to describe the performance of the phase modu-
lation. Herein, tone and ttwo are the time of extreme values nearest to
a certain time point, of one- and two-pulse lines, respectively. For
the out-of-phase synchronization, the measurement is labeled as
jΔtoutj, with tone (ttwo) referring to the maximum (minimum) value.
Then, smaller jΔtoutj corresponds to better results of the out-of-phase
synchronization. For the in-phase synchronization, both tone and ttwo
represent the time of the maximum or minimum values and thus
better results of the in-phase synchronization require a smaller mea-
surement result, jΔtinj. Corresponding sketches are shown in Fig. 2.

B. Time-dependent variational approach with Davydov
Ansatz

In order to obtain the time evolution of the wave function
jΨ(t)i for the total Hamiltonian, it is a common practice to
describe it through the Schrödinger equation. In the present paper,
a time-dependent variational method based on coherent states,
so-called Davydov D1 ansatz, is adopted to solve the SBM. The D1

ansatz can be written as40–42

jDs(t)i ¼ A(t)jþi exp
X
k

fk(t)b̂
y
k � h:c:

� �" #
j0i

þ B(t)j�i exp
X
k

gk(t)b̂
y
k � h:c:

� �" #
j0i, (5)

FIG. 2. Sketches of the values of (a) tone, ttwo, and jΔtoutj for out-of-phase synchronization and (b) tone, ttwo, and jΔtinj for in-phase synchronization.
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where A(t) and B(t) represent amplitudes of the states jþi and j�i,
respectively. fk(t) and gk(t) denote complex displacements of the
kth bosonic mode, and j0i is the vacuum state of the boson bath.

Applying the Dirac–Frenkel time-dependent variational prin-
ciple within the Lagrangian formalism, we can derive the time evo-
lution equations for A(t), B(t), fk(t), and gk(t),

d
dt

@L

@ _u*n
� @L
@u*n

¼ 0, (6)

where u*n represents the complex conjugate of the variational
parameter un, which can be A(t), B(t), fk(t), or gk(t). The
Lagrangian associated with the state jDs(t)i is given by

L ¼ hDs(t)j i2
@
$

@t
� ĤjDs(t)i: (7)

Combining Eqs. (5)–(7) and the Runge–Kutta method, we can
obtain the time evolution of the variational parameters. Then phys-
ical observables of interest, expectation of σ̂ i, can be acquired as

Pi(t) ; hσ̂ ii ¼ hDs(t)jσ̂ ijDs(t)i, (i ¼ x, y, z): (8)

Here, Px(t) and Py(t) describe the real and imaginary components
of coherence, while Pz(t) represents the overall difference. By sub-
stituting Eq. (5) into Eq. (8), one obtains

Pz(t) ¼ jAj2 � jBj2, (9)

Px(t) ¼ A*B exp
X
k

f *k gk �
1
2

�
jfkj2 þ jgkj2

�	 
( )

þ B*A exp
X
k

g*kfk �
1
2

�
jfkj2 þ jgkj2

�	 
( )
, (10)

and

Py(t) ¼ �iA*B exp
X
k

f *k gk �
1
2

�
jfkj2 þ jgkj2

�	 
( )

þ iB*A exp
X
k

g*kfk �
1
2

�
jfkj2 þ jgkj2

�	 
( )
: (11)

III. NUMERICAL RESULTS

In the following, we focus on the quantum dynamics of the
phase modulation by two microwave pulses. The qubit is initially
prepared in state jþi at t ¼ 0, and we choose a factorized bath
referring to a vacuum state with fk(0) ¼ gk(0) ¼ 0. In each simula-
tion, we calculate both one- and two-pulse scenarios in parallel to
observe whether the phase is locked, and for the former case the
second pulse is absent which is just equivalent to the free induction
decay.

A. Waiting time

Figure 3 displays the coherence dynamics of Py(t) for the spec-
tral exponent s ¼ 0:25 and coupling strength α ¼ 0:01 with respect
to different waiting time tw and duration time τ. The blue and red
lines represent one- and two-pulse scenarios, respectively. With
increasing τ showed as I–VI within one period, the oscillations of
the red lines exhibit shift compared with the blue one. In particular,
it manifests a retarded shift at off points I–III and advanced shift at
points IV–VI. The results of the phase differences with respect to
the duration time might be attributed to the strong-coupling
pulses. It has been described that the strong system-field interac-
tions can cause a sophisticated effective propagator by means of the
non-perturbative response functions (NPRFs) and lead the evolu-
tions of spectral peak intensities to phase retarded and advanced
shifts in 2D spectroscopy.46 In both investigations including ours,
the phase manipulations under strong-coupling pulses can be
regarded as level transitions and described in another representa-
tion, leading to adiabatic evolutions and diabatic transitions in the
framework of the FLZ theory.47 Therefore, it is our future scope to
combine both NPRFs and FLZ theory for further investigations.

As a result, the phase difference between the red and blue
lines distinctly illustrates the crossing from the out-of-phase to
in-phase synchronization. We observe that during the flipping
process from +z to �z, as sketched in Fig. 1(b), the results are in
the out-of-phase synchronization, whereas when the spin is flipped
from �z to the x–y plane, the results become in-phase synchroni-
zation. Moreover, it is found that the phase is spontaneously locked
within ωct , 30, indicating the phase gates are robust and can
automatically adjust themselves with different pulse operations.

For quantum logic gates, we aim to get high-fidelity phase
locking for both in-phase and out-of-phase manipulations. We thus
calculate jΔtoutj and jΔtinj, at two off points III and V, respectively,
to exhibit the influence of the waiting time tw on the phase modula-
tion by two microwave pulses, as illustrated in Fig. 4. We adopt a
measurement jΔtj ¼ jtone � ttwoj to describe the performance of the
phase modulation. Herein, both jΔtoutj and jΔtinj are calculated from
the time of the extreme values nearest to ωct ¼ 30. As shown in
Fig. 4, the waiting time tw has a significant influence on the perfor-
mance of phase locking in both two cases. This is because the coher-
ence is continuously evolving during waiting time, as “waiting” just
refers to the population on the z-direction. The green shaded region
in Fig. 4 therefore represents a preferable range for optimal waiting
time to realize a robust phase modulation.

B. Dephasing bath

As mentioned in the Introduction, the noise can be modeled
by a dephasing boson bath and the spectral function turns out to
be essential. Here, in order to investigate how the thermal environ-
ment influences the phase modulation, we vary the spectral expo-
nent s and coupling strength α to change the dephasing bath.

Figure 5 displays the dynamics of Py(t) for different dephasing
bath of one and two pulses, respectively. The calculations here are
performed with the waiting time ωctw ¼ 3:7 and model parameters
α ¼ {0:02, 0:03} and s ¼ 0:25 as well as α ¼ 0:01 and
s ¼ {0:5, 1, 1:5}, to discuss the influences of the bath. Despite
the different thermal environments, overall, the shift of Py in the
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two-pulse scenario in Fig. 5 is similar to that in Fig. 3. The magni-
tude of this shift is closely related to the decay of the dephasing
bath, as shown in Figs. 5(a) and 5(b). As the environmental decay
increases, Py in the two-pulse scenario slightly changes, and the
out-of-phase phenomenon is almost absent at off point III. On the
contrary, in Figs. 5(c) and 5(d), following the environmental decay
decreases, the out-of-phase results at off point III and in-phase
results at point V become more pronounced.

To further investigate the influence of the dephasing bath on
phase modulation, we construct different dephasing baths by
varying s and α. Numerical simulations are performed till the evo-
lution time ωct ¼ 20, and jΔtj at off points III and V, with the
same definitions as Fig. 4, is calculated to characterize the phase
coherence. Figure 6(a) illustrates that, at off point III, as s increases
and α decreases, namely, the reduction of the decay of the dephas-
ing bath, it tends to become out-of-phase synchronization, in

FIG. 3. Quantum coherence dynamics of Py (t) for s ¼ 0:25 and α ¼ 0:01, with (a) ωc tw ¼ π, (b) ωc tw ¼ 5π
4 , and (c) ωctw ¼ 3π

2 . The green regions represent the duration
of acting the first-pulse and the second-pulse, respectively. Patterns I–VI display the different duration τ of the second-pulse. Blue and red lines refer to one-pulse and two-
pulse scenarios.
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which α has a particularly strong influence. On the other hand, we
also investigate the situation at off point V as shown in Fig. 6(b),
where a decrease of the decay also makes it exhibit an oscillation
shift, and we observe that it more likely to exhibit complete
in-phase effect when s ¼ 0:25 and α ¼ 0:015, s ¼ 1 and α ¼ 0:02,
or s ¼ 1:5 and α ¼ 0:025.

C. From out-of-phase to in-phase

It is noticed for off point IV in Fig. 5, the coherence dynamics
Py(t) crosses from the out-of-phase to in-phase synchronization in
long-time scale. As exemplified in Figs. 7(a) and 7(b), after the
second pulse, Py(t) exhibits a good out-of-phase result comparing
with the one-pulse counterpart until about ωct ¼ 30. However, the
coherence dynamics tends to be in-phase while further evolving. To
determine the performance of the phase modulation, we here again
calculate jΔtoutj and jΔtinj, and plot them in Figs. 7(c)–7(f ). It is
clearly seen for all considered scenarios, jΔtinj always decreases and
approaches zero, confirming the above discussion of the crossing
from the out-of-phase to in-phase synchronization. jΔtoutj and
jΔtinj intersect at about ωct ¼ 35, indicating the crossing occurs.

FIG. 4. jΔtoutj at point III (blue lines) and jΔtinj at point V (red lines) with
respect to the waiting time ωc tw , both of which are acquired from the time of the
extreme values nearest to ωc t ¼ 30. Model parameters are α ¼ 0:01 and
s ¼ 0:25. The green shaded region denotes optimal waiting time for both
out-of-phase and in-phase cases.

FIG. 5. Quantum coherence dynamics of Py (t) for (a) s ¼ 0:25, α ¼ 0:02, (b) s ¼ 0:25, α ¼ 0:03, (c) s ¼ 0:5, α ¼ 0:01, (d) s ¼ 1, α ¼ 0:01 and (e) s ¼ 1:5,
α ¼ 0:01, with ωc tw ¼ 3:7. The green regions represent the duration of the first-pulse and the second-pulse, respectively. Patterns I–VI display the different duration τ of
the 2nd-pulse. Blue and red lines refer to one-pulse and two-pulse scenarios.
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Hence, we point out a critical time for the phase modulation to
acquire a out-of-phase result at point IV. In addition, we find the
model parameter has also influence on the crossing, exhibited as
the critical time slightly delays with decreasing s.

IV. CONCLUSIONS

In summary, we have studied a model to introduce the echo
dynamics into the SBM, achieving phase modulation through
sequential microwave pulses. We apply the Dirac–Frenkel the time-
dependent variational method with the Davydov D1 ansatz for per-
forming numerical simulations of phase modulation by one and
two pulses. By analyzing the dynamics of quantum coherence Py ,
we observe that the evolution of Py with two pulses exhibits
retarded and advanced shifts. We observe a phenomenon of phase
locking in the coherence evolutions with a defined duration of the
second pulse, which is correlated to the pulse interval and environ-
mental dephasing. For a shorter pulse duration and weaker envi-
ronmental dephasing, a clear tendency for the out-of-phase
synchronization is found. On the contrary, for a longer pulse dura-
tion and stronger environmental dephasing, a tendency toward the
in-phase synchronization is obtained. Quantum logic gates are nor-
mally subjected to various factors, including microwave pulse width
and intervals. Our model simulates quantum phase modulation in
quantum logic gates by extending the SBM with microwaves, provid-
ing practical implications for experiments. It is still a worthy direc-
tion for further research studies to focus on how to better simulate
more complex and even real dephasing environment of quantum
logic gates. Moreover, it is noticed the qubits have been treated as
nanoprobes for the detection of noises,55–58 and recent endeavors
have focused on investigating noise spectrum detection through the
application of harmonic oscillators.33,59 Our proposed model may be
extended to serve as nanoprobes in the above systems for noise
detection, showcasing the potential for high-precision trapped-ion
detection. We will next focus on these directions.

FIG. 6. (a) jΔtoutj at point III and (b) jΔtinj at point V with respect to the model parameters α and s. Both of them are acquired from the time of the extreme values
nearest to ωct ¼ 20. The waiting time ωc tw ¼ 3:7.

FIG. 7. (a) Quantum coherence dynamics Py (t) for s ¼ 1:5 and α ¼ 0:01, with
ωc tw ¼ 3:7 and at off point IV. (b) Detailed view of (a). (c)–(f ) At off point IV, jΔtoutj
(red lines) and jΔtinj (blue lines) acquired from the time of the extreme values nearest
to different ωc t. Model parameters are α ¼ 0:01 and s ¼ {0:25, 0:5, 1, 1:5}.
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